WEAK-TYPE INTERPOLATION FOR NONCOMMUTATIVE 
MAXIMAL OPERATORS 
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Abstract. We prove a Boyd- type interpolation result for noncommutative 
maximal operators of restricted weak type. Our result positively answers an 
open question in As a special case, we find a weak type version of the 
noncommutative Marcinkiewicz interpolation theorem due to Junge and Xu. 

1. Introduction 

To any sequence (T„)„>i of sublinear operators on a space of measurable func- 
tions one can associate the operator 

Tf{x) = (supT„)(/)(x) :=sup|T„/(x)|. 

^n>l ^ n>l 

A function of the form Tf is usually called a maximal function. We shall refer 
to T as the maximal operator of the sequence (T!„)„>i. These operators occur 
naturally in many situations in harmonic analysis and probability theory. One 
is often interested to show that a maximal operator defines a bounded sublinear 
operator on an i^-space or, more generally, on a Banach function space. For 
instance, the celebrated Doob maximal inequality states that for any increasing 
sequence of conditional expectations and any 1 < p < oo, 

(1) sup£:„(/) <Cp\\f\\LP- 

n>l LP 

A fruitful strategy to prove maximal inequalities with sharp constants is to first 
prove weak type estimates for the maximal operator. Let (A, S, v) be a cr-finite 
measure space. Recall that a sublinear operator T is of Marcinkiewicz weak type 
(or M-weak type) {p,p) if for any / e LP{A), 

(2) H\Tf\>v)-p <Cv''\\fhpiA) {v>0), 

If T is bounded in then T is said to be of strong type {p, p) . To prove ([T]) one 
may first show that sup„>]^ is of M-weak type (1,1) and strong type (oo, oo) 
and then apply Marcinkiewicz' interpolation theorem. This yields a constant Cp of 
optimal order 0{{p — 1)^^) asp4,l. More generally, Boyd's interpolation theorem 
implies that sup„>]^ 5„ is bounded on any symmetric Banach function space with 
lower Boyd index > 1. Weak type interpolation has proven effective for a host 
of maximal inequalities (see e.g. [H, l3| for examples). 

In this paper we deal with interpolation questions for maximal operators of weak 
type which correspond to a sequence of positive, sublinear operators on noncom- 
mutative symmetric spaces associated with a semi-finite von Neumann algebra M . 
In this setting, the maximal operator sup„>]^ T„ is a fictitious object: for example, 
if X e LP{M)+ then sup„>]^ Tn(x) may not exist in terms of the standard ordering 
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of LP{A4)+. Indeed, even for two positive semi-definite n x n matrices x,y there 
may not be a matrix z satisfying 

Even though sup„>j^ T„(a::) is not well-defined as an operator, one can still make 
sense of the quantity '|| sup„>]^ r„(2;)||p' by viewing the sequence (r„(a;))„>i as 
an element of the noncommutative vector- valued space LP{A4;1°°), as introduced 
by Pisier [l^]- With this point of view, Junge showed in his beautiful paper 
that one can obtain a noncommutative extension of ([T]). He proved that for any 
increasing sequence of conditional expectations in A4 and 1 < p < oo, 

(3) \\{£nix))n>l\\LP{M:l-^) < Cp Ik II Lp(A1) • 

More recently, Junge and Xu proved a Marcinkiewicz interpolation theorem for 
noncommutative maximal operators (see Theorem 13.31 below) . This result allows 
one to prove ^ elegantly by interpolating between the M-weak type (1, l)-maximal 
inequality for conditional expectations obtained by Cuculescu Q and the trivial case 
p = oo. This approach yields a constant Cp of optimal order 0{{p — 1)^^) as p | 1. 

The purpose of the present paper is to prove interpolation results for noncom- 
mutative maximal operators of restricted weak type (see Definition 13. II for a precise 
statement). Recall that in the classical case, this means that ([2]) is only required 
to hold for indicator functions / = XA, where A is any set of finite measure. Our 
main result is the following Boyd-type interpolation theorem. 

Theorem 1.1. Let I < p < q < oo, let Ai,Af be semi-finite von Neumann algebras 
and let E be a fully symmetric Banach function space on with Boyd indices 
Pe < <1E- Suppose that {Ta)a£A is a net of order preserving, sublinear maps which is 
of restricted weak types {p,p) and {q,q). If p < p' < pe and either qE < q' < q < co 
or q = oo, then for any x G i?(A^)+, 

(4) \{Ta{x))a<^A\E{M-l-^)<Gp^p'.q.q>\^Spi.q>\\E^E ||a;||s(A^), 

where Sp^i^qi is Calderon's operator and Cp,p'^q^q' is of order 0{{p' — p)^^) as p' I p 
and of order 0{{q — q')~^) as q' t 9- 

The proof of Theorem 11.11 elaborates on some arguments from the recent paper 
[H, in which Bekjan, Chen and Os§kowski proved this result for maximal operators 
of M-weak type {p,p) and strong type (oo, oo), with a larger interpolation constant. 
If E ~ for p < r < q, then our result gives an extension of the interpolation 



theorem in [ll| to noncommutative maximal operators of restricted weak type. In 
this case, the constant in (U) is of order 0{{r — p)~^) a.s r Ip and 0{{q — r)~^) as 
r t 9- In particular, if p = 1 and q = oo then Theorem 11.11 implies ^ with constant 
of optimal order. In this sense, the constant in Q cannot be improved. 

We conclude this note by observing an interpolation result for the generalized 
moments of noncommutative maximal operators (Theorem 15. 5p . which resolves an 
open question in 

2. Preliminaries 

We start by briefly recalling some relevant terminology. Let 5(M+) be the linear 
space of all measurable, a.e. finite functions / on M+ which satisfy A(|/| > w) < oo 
for some v > 0, where A is Lebesgue measure on M+. For any / G >S'(R+) let p{f) 
denote its decreasing rearrangement 

Ptif) = inf{i; > : A(|/| > v) < t} {t > 0). 

A normed linear subspace E of S'(]R+) is called a symmetric Banach function space 
if it is complete and if for any / G S'(M+) and f E E satisfying /i(/) < p{g), we 
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have f € E and \\f\\E < IIsIIb- Let H be the Hardy-Littlewood operator 

Hf{t)^-J\t{f)dt {feS{R+)). 

For f,g E 5'(M+) we write / g if Hf < Hg. We say that a symmetric Banach 
function space E is fully symmetric if for any / G S'(M+) and g €z E satisfying 
/ g, we have / e and \\f\\E < \\g\\E- 

Fix a von Neumann algebra Ai acting on a Hilbert space {H, {■,■)), which is 
equipped with a normal, semi-finite, faithful trace t. Let S{t) denote the linear 
space of all r-measurable operators and let S{t)^ be its positive cone. For any 
X G S{t) its decreasing rearrangement is defined by 

^t(x) = inf{i; > : t{\^^^){x)) < t} (t > 0), 

where X{x) denotes the spectral measure of Suppose that a = Yl7=i '^i^ii with 
ai > q;2 > . . . > an > and ei, . . . , e„ projections in M. satisfying CiCj = for 
i ^ j and T{ei) < oo for 1 < i < n. As in the commutative case (see 0), it is 
elementary to show that 

n 

where po = 0, Pi= X]i=i '''{Pi)^ i = 1; ■ • ■ i We will also use the submajorization 
inequality (see [8|, Theorem 4.4) 

(6) p{x + y) « ^i{x) + p.{y) {x,y e S{t)). 

If _B is a symmetric Banach function space on M_|_, then we define the associated 
noncommutative symmetric space 

EiM) -.^ {x e Sir) : \\pix)\\E < oo}. 

The space E{M) is a Banach space under the norm ||a::||£;(A^) \\p{x)\\e- For 
E = U' this construction yields the usual noncommutative L^-spaces. 

For any directed set A we let E{M.;l°°{A))+ denote the set of all nets x = 
{xa)a£A in E{AA)+ for which there exists an a G i?(A^)+ such that Xa < a for all 
a £ A. For these elements we set 

lkllE(Ai;;~) inf{||a||£;(7n) : < a for all a G A}. 

One may show that, up to a constant depending only on E, this expression coin- 
cides with the norm of the noncommutative symmetric ^°°-valued space E{M.\ l°°) 
introduced in 

Let us finally fix the following notation. For any set A we let XA be its indicator. 
Also, we write u <a t; if u < CqW for some constant Cq depending only on a. 

3. Three flavors of weak type 

Before defining the different types of maximal operators, let us recall the classical 
notions of weak type and restricted weak type for a sublinear operator T on S'(IR_|-). 
For < p, g < cxD let L^'' denote the Lorentz spaces on R-)_, i.e., the subspace of all 
g in S'(M-i-) such that 

_ / ti~^Pt[gY dt)^ iO<q< ^), 

\\9\\lp.i - \ ' A f \ I \ 

is finite. Given < p < 00, we say that T is of weak type (p, p) if there is a constant 
Cp > such that for any / G LP'1(M+), 

(7) K\Tf\>v)-p <CpV-^\\f\\Lv.^j,^). 
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An operator T is of restricted weak type {p,p) (as introduced by Stein and Weiss 
in [15j) if ([7]) holds only for indicators g — XA, where A is any measurable set A of 
finite measure. As is well known, for a given < p < oo, 

strong type => M — weak type weak type ^ restricted weak type. 

and the reverse implications do not hold in general. 

For our discussion below we recall the following characterization of weak type 
operators due to Calderon. For 0<p<(7<cxDwe define Calderon's operator Sp^q 
as the linear operator 

Sp..q9{t)^H--v s"vg[s)— + H--^ s-^g{s)— (i > 0, g G 5(R+)) 
JO s Jt s 

and for < p < cx) we set 

Sp,oogit) - ^t--p / sf^g{s)- (t > 0, g e 5(M+)). 
Jo ^ 

In [3| Calderon proved that a sublinear operator T on 5(R+) is simultaneously of 
weak types {p,p) and {q,q) if and only if it satisfies 

(8) MTg) <p,9 {SpM9)){t) (for all g e 5(R+)). 

In fact, Calderon's proof shows that T is of restricted weak types {p,p) and {q,q) 
if and only if it satisfies 

(9) MTXa) <p,q {Sp^q^i{xA)){t), 

for any measurable set A of finite measure. 

We now extend these definitions to noncommutative maximal operators. Through- 
out, let Ai and Af be von Neumann algebras equipped with normal, semi-finite, 
faithful traces r and a, respectively. For any projection e we set := 1 — e. Also, 
if / is another projection, then we let e V / and e A / denote the supremum and 
infimum, respectively, of e and /. 

Definition 3.1. For any < r < oo we say that a net {Ta)aeA of maps Tq, : 
i''(7W)+ — > 5((t)+ is of M-weak type {r,r) if there is a constant Cr > such that 
for any x G L'^{A4)+ and any > 0, there exists a projection e^^-* — e'i^ satisfying 

(10) <{Cr9-^Y\\x\\lr(M^ and e(^)T„(a;)e(^) < 61, for ah a G A. 

A net {Ta)ai^A of maps : L'^'^{A4)+ — >■ S{a)+ is of restricted weak type {r,r) if 
there is a constant Cr > such that for any projection / in L^'^{M)+ and any 
6 > 0, there is a projection e^^-' = e^^'' such that 

(11) (T((e(^))^) < (a0"')"T(/) and e(«)T„(/)e('^) < 9, for all a G A 

A net {Ta)a^A of maps : A^-)- — )• A/V is of restricted weak type (oo,oo) if there 
is a constant C'oo > such that for any projection / in A^, 

sup||T„(/)||o,<C„o. 

aeA 

A net {Ta)aeA of maps Ta : £''(7W)+ S{(t)^ is of strong type (r,r) if 

||(TQ(a;))QgA||L-(Ar;i°-) < Cr\\x\\L^(M)- 

In the commutative case, a sequence (T„)„>i is of restricted weak type (r, r) 
in the sense of Definition 13.11 if sup„>]^T„ is of restricted weak type (r, r) in the 
classical sense. Indeed, in this case one may take e^^^ = X[o,e](sup„>i T„(/)). Thus, 
loosely speaking, (jlip states that the fictitious noncommutative maximal operator 
'sup^ Ta ' is of restricted weak type (r, r) . 
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Remark 3.2. In the noncommutative literature (e.g. in [73/]. it has become 
customary to refer to property U0\) as weak type, instead of M-weak type. The 
terminology used here is in accordance with the classical literature on interpolation 
theory. 

We will often assume that the maps Ta satisfy additional properties. We call a 
map T : S{t)^ — >■ 5(ct)+ sublinear if 

T{cx + dy) < cT{x) + dT{y) (c, d £ M+, a;, y £ S{t)+) 

and order preserving if T{x) < T{'y) whenever x < y 'm S{t)-\-. 

Using real interpolation and duality techniques Junge and Xu proved the follow- 
ing version of Marcinkiewicz' interpolation theorem for noncommutative maximal 
operators. 

Theorem 3.3. (jlh]. Theorem 3.1) Let I < p < q < oo. If a net iTa)aeA of 
positive, subadditive maps (Ta) is of M-weak type (j},p) and strong type {q,q), then 
for any p < r < q, 

(12) \\iTaix))aeA\\Lnm-) ^ Cl-'Cl^-^)" 

where 9 is chosen such that 1/r — {1 ^ 9)/p + 9/q. 

In Corollary 15.31 below we will obtain an extension of this result to maximal 
operators of restricted weak types (p,p) and {q,q). 



4. A CALDERON-TYPE bound for MAXIMAL OPERATORS OF WEAK TYPE 

Our starting point for the proof of Theorem 11.11 is the characterization ^ . A 
first thought is to attempt to establish the following direct generalization: if (Tq,) 
is of restricted weak types (p,p) and {q^q) then one may try to find, for every 
projection /, a positive measurable operator a satisfying Ta{f) < a for all a and 

<p.9 (W(/))W (^>o)- 

Unfortunately, if Af is noncommutative then this assertion is in general false, as it 
would imply that the noncommutative Doob inequality ^ holds with constant of 
order 0{{p — 1)~^) for p il. However, we can find a bound of the form 

Mt(a) < C'p,p'..q..q'{Sp',q'fJ.{f)){t), 

where p < p' < q' < q and Cpy,q,q' is singular as p' | p and q' t q. 
For < p, g < oo we introduce the constants 

«;p,g = 2^ max{Cp(l - 2-f)-i C,(l - 2-9)-^}, 

Kp.oo = inax{Cp(l - 2 p) p,Coo}, 

where Cp and Cq are the restricted weak type (j),p) and {q,q) constants in pip . 
If Pi 9 ^ 1 then Kp^q < 4max{Cp,Cg} and Kp^oo < 2 maxjCp, Coo}. Also, for 
p < p' < q' < q < oo we set 

k<0 k>0 

Note that 



7p,p' 0{{p' -p) ^) as p' ip, 



Sq,q' = 



0{{q~qT') as g'tg. 
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Lemma 4.1. Fix < p < q < oo. Let {Ta)aeA be a net of positive maps which is 
of restricted weak types {p,p) and {q,q). Let p < p' < q' < q. If q < oo and f is a 
projection in LP'^{A4)^ + L'^•^{Ai)-^^, then there exists a constant Kp^pi^q^qi and an 
a S S{a)^ such that 

(14) TM) <a (aeA) 
and 

(15) ^t(a) < Kp^qKp^p, ^q^q: Sp' ^q' fl{f)(t) (t > 0). 

Moreover, the constant Kp^^q^q^ satisfies 

(16) Kp^p,^q^q: < 4max{7p,p',^5q,q4■ 
// (7 = oo, then for every projection f G M+ there exists a constant iiTp^p' ^00,00 ^ 
^Ip.p' o,i^d, an a Cz Af+ satisfying Jj^p and 

(17) iJ.t{a) < Kp,ooKp 

.p' ,00,00 

Proof. We use the functions 9p q : M+ — > M+ , which for < p,q < 00 are defined 

by 

Op^qit) = t-^xiuoo)it) + i"'X(o,i)(*) (t > 0) 
and for < p < 00 given by 

We first prove the resuh for g < 00. In this case t(/) < 00. Using the change of 
variable s = -, we find 



(18) Sp.qfiijm = I fi^{f)^u-'-Uu + fi^(f)^u-'-Uu 

X{O,r{f)][^){~0'pJu))du 



t 



- "^'^Krif), 
Thus, we need to find an a G >5'(cr)+ satisfying ^1]) and 

(19) ^J■tia) < Kp^qKp^p,^q^q,0p,^q, [:^) (^ > 0)- 

Let us first assume that Kp_q < 1. For any > 1 fix a projection ef"^ satisfying (jlip 
for r = q and for < 6* < 1 we pick e^^ such that ([TT|) holds for r ~ p. For every 
fc G Z we define 

l>k 0>l>k l>0 

and we set 

dk = Sk — Ck-i- 

Observe that {ek)kez is increasing, and therefore d^di = for k ^ I and d^ = dk- 

Note that < e^q for fc > and < e^p ■* for fc < 0, hence ekTa{x)ek < 2*^ for 
aU fc. If fc > then, using Kp^q < 1, 



(20) a(4) < ^a((ef))^) 

l>k 

< ^q2-'v(/) < 2-^'q^-i-^r(/) < 2-^V(/), 
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and in particular it follows that t 1 for k oo. Moreover, if fc < 0, then again 

using Kp^q < 1, 

(21) aid) < E -((4''^)^)+E-((4''')^) 

0>l>k l>0 

< 2-*^^ (C^(l - + C«(l - 2-«)-1)t(/) < 2-'=fr(/). 

Finally, we set e_oo Afe<o e^. Since t li 

(22) eo = E '^'^ + "^-oc' Sq' = dk. 

k<0 k>Q 

Set ifpp' qqi — 4niax{7pp/,(5g g'} and let (ajv)Ar>i be the sequence in given 
by ' " 

-oo<fc<0 0<k<N 

As our candidate for the sought operator a G ^((j)^ we would like to define a := 
limjv->.oo Cat- To show that this limit exists in S{a), we will first show that the 
estimate ((19)) is satisfied for a = qn, uniformly in N. Since the coefficients of the 
dk are increasing, we find using ^ that 

/X(ajv) = Kpy^q,q' ( E 2*''"^^''/'' X[o-(e«-efc),a(e„-efc„i)) 
A:<0 

+ V 2('=^l)'?/'?'Yr r . , +2(^~l)«/«'Yrn . 

I / ^ ^ A|o-(ejv-efc),(T(ejv-efc_i)) r ^ A|0,<T(e]v-ejv-i)) I 

0<fc<Af-l 

< ^p,p',9,9' ( E 2^''"^^''/'' Xk(l-efc),<T(l-e,_i)) 
fc<0 

' ^ A[(T(l-efc),(T(l-efc_i)) ^ ^ A[0,CT(l-ejv-i)) j 

0<fc<JV-l 

and by applying ([^0]) and (PT|) it follows that 

/i(ajv) < -fi^p,p',9,9'(E^*'''~^''''^'' X[2-'=PT(/),2-('=-i)Pr(/)) 
fe<0 

0(^-1)9/9' I 0(^^-1)9/9' ^ 

+ 2^ 2^ ^'^/'^ X[2-'=9r(/),2-('=-i)9r(/)) + 2^ X[0,2-(«-i)<!r(/)) J ■ 

0<fe<A' 

If fc < and 2-'=Pr(/) < i < 2-('=-i)Pt(/), then 
and therefore 



2(fe-i)p/p' 



< 



r{f) 
t 



For ah fc > and 2-'=«t(/) < t < 2-('=-i)9r(/) we find 

2fe-i < ^ t 



if) 



and so 

2(fc-l)9/9' ^ ^ ^ 



Mt(ajv) < ^p,p',9:9'((:;:^) " X[r(/),oo)(0 + (^(jy) ' ^(0,r(/))(i)^ 



We conclude that for any t > 0, 
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t 



r{f)r 



Since this inequality holds uniformly in A'', we conclude that (aAr)jv>i is an in- 
creasing sequence which is bounded in measure. Hence, by [12], Theorem 5.10 
there exists an a £ 5'((t)+ such that cat to in S{a) + . We claim that a has the 
asserted properties. Since /z(aAr) f /^(a) ([13' Proposition 6.5) it is clear that 
holds. Since Ta{f) > 0, we know that (see e.g. (6f|, Lemma 5.9) 

TM) < 2eoT„(/)eo + 2e^TMK- 
For any f in the domain D{ai) of we have 

WaHf = ^^J<^Ni' = Kp,P',q,q' ( E 2^=-^^^/^' (d.^, + E S^'-^)^/''' O) • 

A;<0 A;>0 

Notice that e-ooTa{f )e^oo = e-ooefeTQ(/)efee_oo < 2*^6-00 for all A; < and there- 
fore e^aoTa{f)e-oo — 0. Moreover, 

— 00 1 1 00 

Together with (|22l) this implies that any ^ G D{a^) satisfies 
(eoT„(/)eoe,e) = ( ( E ^'^■) ^"(/) ( E ^'^■) ^' ^) 

A;<0 i<0 



< E IMfcr„(/Mlloo WdkiW IMiCII 

< E UkTM)dk\\i \\diT^{f)di\\i IMfcCII IMiCII 

A:J<0 

(23) = (Ell'^fe^"(/KII~ IMfc^ll 



fc<0 

Since 

\\dkTM)dk\\i < 2^ = 2i/22('=-iWV2('=-i)(i-^)/2 
we find by applying the Cauchy-Schwarz inequality in (1231) . 

(eoT„(/)eoC,0 < 27p,p' E 2^""'^"^"' ■1'^'=^ H' - ( E 27p,P'2('-^)^/^'rffeC, 

fc<0 A;<0 

By similar reasoning, 

k>0 

Putting these estimates together we conclude that ^ G D{Ta{f)^) and 

(T«(/)e,e) < E47p,p'2('=-^)''/^'(4e,o + E4'5?^?'2^'"'^'^'''<^'=^'^) ^ 

fc<0 fe>0 

which establishes ([T^ (cf. [l2l, Proposition 4.5). This completes the proof in the 
case q < 00 under the additional assumption Hp^q < 1. 

In the general case, define T'„(/) ir„(/). If e^^^ satisfies then g^'^) := 
gii^p.gS) satisfies, for r = p,q, 

T((g(^))^) < {CrKp^]^9-^YT{f) and e('')f„(/)g(^) < 0, for all a e A. 

Therefore, kp^q < 1 and by the above we find an a G S{a)+ such that Ta{f) < a 
for all a G A and 

Utid) < Kp^p,^q^q,Sp^qH{f){t) {t > 0). 

The operator has the desired properties. 
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Suppose now that q — oo. Let us first note that if t(/) — oo, then = X[o,oo) 
and we can take a — Cool- If ''"(/) < oo, then we may assume tliat Hp^oo < 1- For 
fc < we set 

e. = ( A 4"^^ 

0>l>k 

and let dk = Ck — ek-i as before. We define a E A/+ to be the operator 



fe<0 

By following the argument presented above one shows that a satisfies (ITil) and ([T5|) . 
The details are left to the reader. □ 

Remark 4.2. //TV is commutative, then one can show using essentially the same 
arguments that a G S{a)+ defined by 

fcGZ 

satisfies ^14^ and 

Ht{a) < iKp^qSp^qfl{f){t) {t > 0). 

In this case one uses that dkTa{f)di = whenever k ^ I. 

In order to obtain interpolation results for noncommutative maximal operators, 
we need to extend Lemma |4 . 1 1 from projections to arbitrary measurable operators. 
We achieve this by representing a given measurable operator x as a series of weighted 
projections and applying Lemma l4 . 1 1 term- wise. 

Theorem 4.3. Fix 1 < p < q < oo. Let {Ta)aeA be a net of order preserving, 
sublinear operators which is of restricted weak types {p,p) and {q,q). Let p < p' 
and, if q < oo, we fix q' < q. Then for any x G L^ + L'^ '^(Ai)-^- there exists 

an a E S{a)+ such that Ta{x) < a for all a E A and 

(24) H{a) ■^Hp,qKp^p, ^q^q, Sp-,q>n{x). 

If q = oo, then for any x € L^ '^{A4)+ + there exists an a E '5'(cr)_|_ satisfying 
with q' = oo and Ta{x) < a for all a E A. 



Proof. Suppose first that x E L^ '^(M). Let X{x) be the spectral measure of x. 
For any k E "L, define fk — ^(2'' .qo){x) ^-nd consider the dyadic discretization x = 
2^+"'^A(2j_23+i](2;)- Clearly, x <x < 2x. By summation by parts, 

Also, by (O and summation by parts 

=E2'^'X[r(/, + i),r(/,)) 

(25) = E E(2'^' - 2'=)X[.(/,,.).r(/,)) = E 2'^X[o,.(/.)) = E 2V(A). 
jez k<j k£Z fcez 

Let flfc E S{a)+ be the operator obtained by applying Lemma HTT] to fk. For > 1 
define xn — J2^=-n '^''fk and set ajv — J2^=-n 2'^afc- By sublinearity of Tq,, 

N 

Ta{xN) < 

E 2'-T„(/,) < Oat. 
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By®, 

N 

Using lemma Hni linearity of Sp'^q' and (j25p we find for any t > 

N N 

2''flt{ak) < Kp,qKp^p' ,q,q' ^ 2'=5p' ^(/fe) (t) 
k=-N k=-N 

^ ^p.qKp p' q q' Sp' _q' fl(^X^(^t^ 

This shows in particular that (aAr)jv>i is increasing and bounded in measure. 
Therefore, by [l^], Theorem 5.10 there exists an a G S{a)+ such that cat t « 
in 5(0-) + . Since fi{aN) f we conclude by monotone convergence that 

holds. It is clear that Ta{xM) < a for all TV > 1. Note that Tq, is of M-weak type 
{p',p'), with M-weak type constant bounded by Cp{p' — 1)"-"^, by the same argument 
as in the commutative case (0, Theorem 5.3). Therefore, 

\\Ta{x) - Ta{xN)\\p',oo < \\Ta{x - a:Ar)||p',oo <p,p' \\x - Xn\\p',1 ^ 0, 

as -/V — ?> cxD by dominated convergence. In particular, Taix^) Ta{x) in measure. 
Since Tq. is order preserving, we conclude that 

(26) To,{x) <Ta(x) <a. 

The result follows analogously if a; G i"^ '^{M) \i q' < q < oo. 

Suppose now that x G and g = oo. Let N* be such that 2^ < \\x\\oo < 
2^ +^ and define for all > 1 the operator ajv = X]-Af<fc<jv* ^^^afe in N+. By the 
argument above, the operator a — limAr_j.oo o,n is well-defined in S{a)+ and 

M(^) '2^p,OD-^p.p' .oo.oo Sp' ^ool^{x^ 

Since Tq is sublinear and order preserving, we have for any A'^ > 1, 

N' 

^.(i) <r„( ^ 2Vfe) + "^"Wk) 

k<-N k=-N+l 

< 2-^+'T„{\o,oo){x)) + Y "^"TMk) < 2-^+^Cool + a. 

fcGZ 

As this holds for all > 1, we conclude that again (1^51) holds. 

Finally, let x ^ xi+X2 with xi G Lp''''-{M)+ and X2 G L'^''^{M)+ (or X2 G M+ 
if g = oo) and let ai, a2 G S{a)+ be two operators verifying the asserted properties 
for Xi,X2- Set a = ai + 02, then Ta{x) < a and moreover, 

^(a) /i(ai) -f /i(a2) 

2Kp^qKp^p^^q^q, S p' ^qi {^Jl{x l) + n{x2)) < ^Hp,qKp^p' ^q^q' Sp' ^q' {fJ,{x)) . 

This concludes the proof. □ 
Remark 4.4. One cannot replace {2^^ in Theorem \4-.3\ by the stronger assertion 

/^(^) ^ ^^p.qKp^p' ^q^q' Sp'_q'^{x). 

Indeed, if N' is commutative this would mean that 

M(a) Sp^qfi{x), 

as Kp^pi^q^qi is not singular for p' ^ p or q' ^ q in this case. In particular, by 
Calderon's characterization (0) this would imply that every maximal operator of 
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restricted weak types (1, 1) and (oo,oo) is in fact of weak types (1, 1) and (oo,oo). 
However, this is not true (see e.g. for a counterexample). 

5. Interpolation of noncommutative maximal inequalities 



To extract interpolation results from Theorem 14.31 we recall the fundamental 
connection, due to Boyd Q, between Boyd's indices and Calderon's operators. The 
Boyd indices of a symmetric Banach function space E on R_(_ are defined by 

,. logs , ,. logs 

Pe = lim -— and qe = hm : 



logpi/,11 siO logllA/,11' 

where -Di/s is the dilation operator {Di/gg){t) — g{t/s), t <E M+. 

Theorem 5.1. Q/ If E is a symmetric Banach function space on IR+, then the 
following hold. 

(a) Ifl<p<q< oo, then Sp,q is bounded on E if and only if p < pe i£ Qe < I- 

(b) If I < p < oo, then Sp^oo is bounded on E if and only if p < pe- 

By combining Theorems 14.31 and 15.11 we obtain the following interpolation the- 
orem, which extends jl|. Theorem 5.4, as well as j.6j. Theorem 6.5, to a larger 
class of noncommutative maximal operators. More importantly, we find a better 
interpolation constant. 

Theorem 5.2. Let 1 < p < q < oo and let E be a fully symmetric Banach 
function space. Let {Ta)a<£A be a net of order preserving, sublinear maps which 
is of restricted weak types {p,p) and {q,q). Let Kp^q be the constant in il3\} and 
Kp.p'.q.q' be the constant in il6]) . If p < p' < pe and either qE < q' < q < oo or 
q = oo, then for any x G E(A4)j^, 

(27) \\iTa{x))aeA\\E{Af;l'>°) < '^Kp^qKp.p' ,q,q'\\Sp' ,q'\\E^E \\x\\e{M)- 

Proof If X e E{M)+ then x g Lp'^^{M)+ + Li'^'^{M)+ if g < cx) and a; e 
L'P + M+ if g = oo by the assumptions on pE and qE. Let a G S{a)+ 

be the operator given by Theorem 14.31 Since E is fully symmetric, it follows from 
and Theorem that a € E{M)+ and 

||a||£;(7H) <'^l^p,qKp^p'^q^q'\\Spi^qi^{x)\\E < ^fip,qKp^pi ^q^qi\\Sp' ^qi\\E^E || 2^ || £;(A^) • 

Thus, {Ta{x)) is in E{Af;l°°) and ^ holds. □ 

The following Marcinkiewicz-type interpolation theorem for noncommutative 
maximal operators is a special case of Theorem 15.21 



Corollary 5.3. Fix \ <p<p'<r<q'<q< oo. If {To,)aeA is a net of order 
preserving, sublinear maps which is simultaneously of restricted weak types (j),p) 
and {q,q) with constants Cp and Cq, then for any x G _L''(A^)+, 

l!(T„(x))aeA|U^(AA;;~) <max{Cp,Cj(^^;^ + ^-^)(^^ + ^7^) II-^IIl'-(.m)- 
In particular, 

( rp vq \ ^ 

(28) ||(TQ(a;))aeA||ir(^.;oo) < max{Cp,CJ( \ \\x\\l-(m)- 

Proof. Using Hardy's inequalities (see e.g. 0, Lemma III.3.9) one readily shows 
that 

(29) IIV^'IIl-^l- < ^ 



^r — p' q' — r / 

Since pl^ = qL^ = r, the first assertion is now immediate from Theorem l5.2l Taking 
p' = p/2 + r/2 and q' = r/2 + q/2 yields □ 
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Let US compare this result to Theorem l3.3l Thanks to the strong type assumption 
on the right endpoint, the interpolation constant in ([T^ does not depend on q. Also 
the dependence on the constants Cp and Cq is clearly better than in ([28|. On the 
other hand, Corollary 15.31 reauires only a restricted weak type assumption on both 
endpoints, which is easier to verify in practice, and the interpolation constant is of 
the right order under these conditions. Also, it is clear that the general interpolation 
result in Theorem 15.21 cannot be obtained using the real interpolation techniques 
used in 11]. 

As an illustration of our interpolation results, we deduce Doob's maximal in- 
equality. This result was obtained in [llj for E — and, using a different (duality) 
argument, for more general symmetric Banach function spaces in 0. The proof 
here removes some unnecessary assumptions on E from Theorem 6.7. 

Corollary 5.4. Let A4 be a semi-finite von Neumann algebra and let {£n)n>i be an 
increasing sequence of conditional expectations in A4. If E is a symmetric Banach 
function space on with pE > 1, then there is a constant Ce depending only on 
E such that 

||(fn(a;))„>i||is(A^;;o=) < Ce\\x\\e(m) {x e E{M)). 
If p > 1 then Clp is of optimal order 0{{p — 1)^^) as p -I 1. 

Proof. lipE > 1, then E is fully symmetric up to a constant, i.e., if 5 € S'(R+) and 
h € E satisfy g h, then g G E and \\g\\E ||^I|_e (see the proof of Lemma 3.6 
in Q). Since (£"„)„>! is of M-weak type (1, 1) (cf. ^Sj) and strong type (00, 00), the 
result now follows from Theorem 15.21 and Corollarv l5.3l □ 

To conclude this paper, we deduce an interpolation theorem for the generalized 
moments of noncommutative maximal operators from Theorem 14.31 Recall the 
following definitions. Let $ : [0, 00) — > [0, 00] be a convex Orlicz function, i.e., a 
continuous, convex and increasing function satisfying <&(0) = and limt_j.oo ^(t) = 
00. The Orlicz space L$ is the subspace of all / in S'(R-|_) such that for some /c > 0, 

r*(T)-- 

We may equip L$ with the Luxemburg norm 

ll/IU, =inf{A;>0 : ^{Wlyt <l]. 

Under this norm L$ is a symmetric Banach function space 3- We define the indices 
of $ by 

p^ = sup |p > : ^ s-P$(s)^ ~p t-P$(i) for all i > o|, 

= inf |g > : ^ s"'?$(s)^ ~, t-9$(t) for all t > o|. 

We say that <f> satisfies the global A2-condition if for some constant C > 0, 
(30) $(2i) < C$(i) (t > 0). 

It is known that p$ and q$ coincide with the Boyd indices of L$. Moreover, one 
may show that (|30p holds if and only if (7$ < 00. For more details we refer to the 
discussion in Q. 

Theorem 5.5. Let 1 < p < q < 00 and let $ be an Orlicz function satisfying the 
global 1^2- condition. Let {Ta)a^A be a net of order preserving, sublinear maps which 
is of restricted weak types {p,p) and {q,q). If p < p$ and either q^ < q < 00 or 
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q — oo, then for any x G L,^{Ai)+ there exists an a G L$(A/')+ such that Ta{x) < a 
for all a € A and 

^(<f («)) <P,9,* rmx)). 

Proof. Suppose that q < (x. Fix p < p' < p < < q^ < q < q' < q. Let 
X G Lg,{A4)+ and let a G S{a)+ be the operator provided by Theorem 14.31 We 
know that 

By ^ S'p/,^ and i? = 5'i,oo are bounded on LP(K+) and By Theorem 

2 (see also [6|, Theorem 4.4), we can now conclude that a G L$(A/')+ and 

<^{^{a}) <p..p'..q..q','f / '^{HSp',q'li{x){t))dt<p.^p^q.,q,^ I ^{^lt{x))dt ^ t{^{x)) . 

Jo Jo 
The proof in the case (7 = cxi is similar. □ 

In the special case that (Ta) is of M-weak type {p,p) and strong type (00,00), 
the above result was obtained in [l|, Theorem 3.2. The general case proved here 
affirmatively answers an open question in this paper (|l|. Remark 3.3 (2)). 
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